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Noncommutative Solitons
150 minutes of lectures given 01-04 November 2005 at the International
Workshop on Noncommutative Geometry and Physics in Sendai, Japan
Olaf Lechtenfeld
Institut fu¨r Theoretische Physik, Universita¨t Hannover,
Appelstraße 2, D–30167 Hannover, Germany
1 Introduction
Noncommutative geometry is a possible framework for extending our current
description of nature towards a unification of gravity with quantum physics.
In particular, motivated by findings in string theory, field theories defined on
Moyal-deformed spacetimes (or brane world-volumes) have attracted consid-
erable interest. For reviews, see [KS02, DN02, Sza03].
In modern gauge theory, a central role is played by nonperturbative ob-
jects, such as instantons, vortices and monopoles. These solitonic classical
field configurations usually arise in a BPS sector (or even integrable sector) of
the theory. This fact allows for their explicit construction and admits rather
detailed investigations of their dynamics.
It is then natural to ask how much of these beautiful results survives the
Moyal deformation and carries over to the noncommutative realm. Study-
ing classical solutions of noncommutative field theories is also important to
establish the solitonic nature of D-branes in string theory (see the reviews
[Har01, Ham03, Sza05]). It turns out that already scalar field theories, when
Moyal deformed, have a much richer spectrum of soliton solutions than their
commutative counterparts.
The simplest case in point are noncommutative scalar field theories in one
time and two space dimensions. Therefore, in these lectures I will concentrate
on models with one or two real or with one complex scalar field. In the latter
case my prime example is the abelian unitary sigma model and its Grass-
mannian subsectors. By adding a WZW-like term to the action it is extended
to the noncommutative Ward model [War88, War90, IZ98a, LP01a], which is
integrable in 1+2 dimensions and features exact multi-soliton configurations.
As another virtue this model can be reduced to various lower-dimensional
integrable systems such as the sine-Gordon theory [LMPPT05].
After covering the basics in the beginning of these lectures, I will present
firstly static and secondly moving abelian sigma-model solitons, with space-
space and with time-space noncommutativity. Multi-soliton configurations
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and their scattering behavior will make a brief appearance. The nonabelian
generalization is sketched in a U(2) example. Next, I shall compute the full
moduli-space metric for the abelian Ward model and discuss its adiabatic
two-soliton dynamics. A linear stability analysis for a prominent class of static
U(1) solitons follows, with an identification of their moduli. In the last part
of the lectures, I dimensionally reduce to 1+1 dimensions and find noncom-
mutative instantons as well as solitons. The latter require also an algebraic
reduction, from U(2) to U(1)×U(1), which produces an integrable noncom-
mutative sine-Gordon model. Its classical kink and tree-level meson dynamics
will close the lectures. The material of these lectures is taken from the papers
[LP01a, LP01b, DLP05, CS05, KLP06].
I’d like to add that the topics presented here are by no means exhaustive.
I have deliberately left out important issues such as noncommutative vortices,
monopoles and instantons, the role of the Seiberg-Witten map, quantum as-
pects such as renormalization, or non-Moyal spaces like fuzzy spheres and
quantum groups. The noncommutative extension of integrable systems tech-
nology (ADHM, twistor methods, dressing, Riemann-Hilbert problem etc.) is
also missing. Finally, I did not touch the embedding in the framework of string
theory. Any of these themes requires lectures on its own.
2 Beating Derrick’s theorem
2.1 Solitons in d = 1+2 scalar field theory
I consider a real scalar field φ living at time t on a plane with complex coor-
dinates z, z¯. The standard action
S0 =
∫
dt d2z
[
1
2 φ˙
2 − ∂zφ∂z¯φ− V (φ)
]
(1)
depends on a polynomial potential V of which I specify
V (φ) ≥ 0 , V (φ0) = 0 and V ′(φ) = v
∏
i
(φ− φi) . (2)
In this situation, Derrick’s theorem states that the only non-singular static
solutions to the equation of motion are the ground states φ = φ0, allowing
for degeneracy. The argument is strikingly simple [Der64]: Assume you have
found a static solution φ̂(z, z¯). Then by scaling I define a family
φ̂λ(z, z¯) := φ̂(
z
λ ,
z¯
λ) (3)
of static configurations, which must extremize the energy at λ=1. However,
over a time interval T , I find that
E(λ) := −S0[φ̂λ]/T = λ0Egrad + λ2Epot , (4)
which is extremal at λ=1 only for Epot = 0, implying Egrad = 0 and φ̂1 = φ0
as well.
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2.2 Noncommutative deformation
Let me deform space (but not time) noncommutatively, by replacing the ordi-
nary product of functions with a so-called star product, which is noncommu-
tative but associative. This step introduces a dimensionful parameter θ into
the model, which I use to define dimensionless coordinates a, a¯ via
z =
√
2θ a and z¯ =
√
2θ a¯ . (5)
For static configurations, the energy functional then becomes
Eθ =
∫
d2a
[|∂aφ|2⋆ + 2θ V⋆(φ)] θ→∞−→ 2θ ∫ d2a V⋆(φ) , (6)
where the subscript ‘⋆’ signifies star-product multiplication. In the large-θ
limit, the stationarity equation obviously becomes
0 = V ′⋆(φ̂) = v(φ̂−φ0) ⋆ (φ̂−φ1) ⋆ · · · ⋆ (φ̂−φn) . (7)
Due to the noncommutativity (you may alternatively think of φ̂ as a matrix)
this equation has many more solutions than just φ̂ = φi = const, namely
φ̂ = U⋆
(∑
i
φiPi
)
⋆ U † with Pi ⋆ Pj = δijPj and
∑
i
Pi = 1
(8)
featuring a resolution of the identity into a complete set of (star-)projectors
{Pi} and an arbitrary star-product unitary U . The energy of these solutions
comes out as
Eθ[φ̂]
θ→∞−→ 2θ
∑
i
V (φi)
∫
d2a Pi = 2πθ
∑
i6=0
V (φi) trPi , (9)
where I defined the ‘trace’ via trP = π
∫
d2aP . Clearly, the moduli space
of the large-θ solutions (8) is the infinite-dimensional coset U(∞)∏
i U(rankPi)
. For
finite values of θ, the effect of the gradient term in the action lifts this infinite
degeneracy and destabilizes most solutions.
2.3 Moyal star product
Specifying to the Moyal star product, I shall from now on use
(f ⋆ g)(z, z¯) = f(z, z¯) exp
{
θ (
←
∂ z
→
∂ z¯ −
←
∂ z¯
→
∂ z)
}
g(z, z¯)
= f g + θ (∂zf ∂z¯g − ∂z¯f ∂zg) + . . .
= f g + total derivatives
(10)
with a constant noncommutativity parameter θ ∈ R+. The most important
properties of this product are
(f ⋆ g) ⋆ h = f ⋆ (g ⋆ h) ,
∫
d2z f⋆g =
∫
d2z f g , [z , z¯]⋆ = 2 θ .
(11)
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2.4 Fock-space realization
A very practical way to realize the Moyal-deformed algebra of functions on R2
is by operators acting on a Hilbert space H. This realization is provided by
the Moyal-Weyl map between functions f and operators F , i.e.(
f(z, z¯), ⋆
) ↔ (F (a, a†), ·) . (12)
For the coordinate functions I take
z ↔
√
2θ a such that [ a , a†] = 1 . (13)
The concrete translation prescriptions read
F = Weyl-order
[
f
(√
2θ a,
√
2θ a¯
)]
and f = F⋆
(
z√
2θ
, z¯√
2θ
)
, (14)
and derivatives and integrals become algebraic:
√
2θ ∂zf ↔ −[a†, F ] ,
√
2θ ∂z¯f ↔ [a, F ] , ∫d2z f = 2πθ trF
(15)
where the trace runs over the oscillator Fock space H with basis
|n〉 = 1√
n!
(a†)n |0〉 for n ∈ N0 and a |0〉 = 0 . (16)
3 d = 0+2 sigma model
3.1 U⋆(1) sigma model in d = 0+2θ
To be specific, let me turn to the simplest noncommutative sigma model in
the 2d plane, i.e. the abelian sigma model,
φ ∈ U⋆(1) ⇐⇒ φ ⋆ φ† = 1 . (17)
Naively, it looks like a commutative U(∞) sigma model. Restricting to static
fields, the action or, rather, the energy functional is
E = 2
∫
d2z ∂zφ
† ∂z¯φ = 2π tr
∣∣[a, Φ]∣∣2 , (18)
which yields the equation of motion (I drop the hats on Φ)
0 = Φ†
[
a , [a†, Φ]
] − [a†, [a , Φ†]]Φ =: Φ†∆Φ−∆Φ† Φ , (19)
thereby defining the laplacian. This model possesses an ISO(2) isometry: the
Euclidean group of rigid motions(
a , a†
) 7−→ (eiϑ(a+α) , e−iϑ(a†+α¯)) for α ∈ C and ϑ ∈ R/2πZ
(20)
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induces the global field transformations
Φ 7−→ eiϑ ad(a†a) eα ad(a†)−α¯ ad(a) Φ =: R(ϑ)D(α)ΦD(α)† R(ϑ)† .
(21)
The unitary transformation acts on the vacuum state as
R(ϑ)D(α) |0〉 = eiϑa†a eαa†−α¯a |0〉 =: |eiϑα〉 (22)
and produces coherent states. Furthermore, the model enjoys a global phase
invariance under
Φ 7−→ eiγ0 Φ . (23)
3.2 Grassmannian subsectors
There exist unitary fields which are hermitian at the same time. The inter-
section of both properties yields idempotent fields,
Φ† = Φ ⇐⇒ Φ2 = 1 , (24)
and defines hermitian projectors
1
2 (1−Φ) = P = P 2 ⇐⇒ Φ = 1− 2P . (25)
The set of all such projectors decomposes into Grassmannian submanifolds,
Φ ∈ Gr(r,H) = U(H)
U(imP )×U(kerP ) with r = rankP = 0, 1, 2, . . . .
(26)
A restriction of the configuration space to some Gr(r,H) defines a Grass-
mannian sigma model embedded in the U⋆(1) model. Quite generally, any
projector of rank r can be represented as
P = |T 〉 〈T |T 〉−1〈T | with |T 〉 = (|T1〉, |T2〉, . . . , |Tr〉) , (27)
where the column vector 〈T | is the hermitian conjugate of |T 〉, and 〈T |T 〉
stands for the r×r matrix of scalar products 〈Ti|Tj〉. In the rank-one case,
this simplifies to
|T 〉 ∈ CP (H) = CP∞ , i.e. |T 〉 ≃ |T 〉Γ for Γ ∈ C∗ . (28)
If finite, the rank r, which labels the Grassmannian subsectors, is also the
value taken by the topological charge
Q = 18π ∫ d2z φ⋆∂[zφ⋆∂z¯]φ = tr
(
P a (1−P ) a†P − P a†(1−P ) aP ) , (29)
which may be compared to the energy
1
8πE = tr
∣∣[a, P ]∣∣2 = tr(P a (1−P ) a†P + P a†(1−P ) aP ) . (30)
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3.3 BPS configurations
In a given Grassmannian the energy is bounded from below by a BPS argu-
ment:
1
8πE = Q + tr(F
†F + FF †) ≥ Q with F = (1−P )aP . (31)
For finite-rank projectors1 I have Q = trP and hence EBPS = 8πtrP . The
energy is minimized when the projector obeys the BPS equation
(1−P ) aP = 0 ⇐⇒ a : imP →֒ imP , (32)
which is equivalent to
a |T 〉 = |T 〉Γ for some r×r matrix Γ , (33)
meaning that |T 〉 spans an a-stable subspace. By a basis change inside imP
one can generically diagonalize 2
Γ → diag(α1, α2, . . . , αr) , (34)
whence BPS solutions are just coherent states
|T 〉 = (|α1〉, |α2〉, . . . , |αr〉) with |αi〉 = eαia†−α¯ia |0〉 . (35)
The corresponding projector reads
P =
r∑
i,j=1
|αi〉
(〈α.|α.〉)−1ij 〈αj | = U(r−1∑
k=0
|k〉〈k|
)
U † , (36)
where U is a unitary which in general does not commute with a. To develop
the intuition, I display the Moyal-Weyl image of the basic operators
|α〉〈β| ↔ 2eiκ e− 12 |α−β|2 e−(z−
√
2θα)(z¯−√2θβ)/θ and (37)
|k〉〈k| ↔ 2Lk(2zz¯θ ) e−zz¯/θ , (38)
where Lk denotes the kth Laguerre polynomial. Obviously, P is related to a
superposition of gaussians in the Moyal plane. Note that the gaussians are
singular for θ → 0.
1 For finite-corank projectors, Q = −tr(1−P ) and E ≥ −Q.
2 In general I must allow for confluent eigenvalues, which produce Jordan cells. For
each cell, the multiple state |α〉 gets replaced with the collection
{
|α〉, a†|α〉, . . .
}
.
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4 d = 1+2 sigma model
4.1 d = 1+2 Yang-Mills-Higgs and Ward model
At this stage I’d like to bring back the time dimension, but return to the
commutative situation (θ=0) for a while. The sigma model of the previous
section extends to 1+2 dimensions in more than one way, but only a particular
generalization yields an integrable theory, the so-called Ward model [War88,
War90, IZ98a]. Interestingly, its equation of motion follows from specializing
the Yang-Mills-Higgs equations: The latter are implied by the Bogomolnyi
equations
1
2ε
abc(∂[bAc]+A[bAc]) = ∂
aH + [Aa, H ] with a, b, c ∈ {t, x, y} , (39)
where the Yang-Mills potential Aa and the Higgs field H take values in the
Lie algebra of U(n) for definiteness. A light-cone gauge and ansatz of the form
At = Ay =
1
2φ
†(∂t + ∂y)φ and Ax = −H = 12φ†∂xφ (40)
yields a Yang-type Ward equation for the prepotential φ ∈ U(n),
(ηab+ kc ε
cab)∂a(φ
†∂bφ) = 0 ⇐⇒ ∂x(φ†∂xφ)− ∂v(φ†∂uφ) = 0 , (41)
introducing the metric (ηab) = diag(−1,+1,+1), a fixed vector (kc) = (0, 1, 0)
and the light-cone coordinates
u = 12 (t+ y) and v =
1
2 (t− y) . (42)
4.2 Commutative Ward solitons
Due to the appearance of the fixed vector k, the ‘Poincare´ group’ ISO(1,2)
is broken to the translations times the y-boosts. This is the price to pay for
integrability. The existence of a Lax formulation, a linear system, Ba¨cklund
transformations etc. suggest the existence of multi-solitons in this theory,
which indeed can be constructed by classical means. Rather than directly
integrating the Ward equation (41), multi-solitons require solving only first-
order equations and so in a way are second-stage BPS solutions of the Yang-
Mills-Higgs system. The U(n)-valued one-soliton configurations reads
φ = (1−P ) + µµ¯P for µ ∈ C \ R , (43)
with a hermitian projector
P = T 1
T †T
T † (44)
subject to
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(1−P ) (µ¯∂x − ∂u)P = 0 = (1−P ) (µ¯∂v − ∂x)P . (45)
It turns out that each finite-rank P yields a soliton with constant velocity
(vx, vy) and energy E given by
(vx, vy) = −
( µ+ µ¯
µµ¯+ 1
,
µµ¯− 1
µµ¯+ 1
)
and E =
√
1−v2x−v2y
1− v2y
8π trP
(46)
making obvious the Lorentz symmetry breaking (see also figure 1).
v = 0
v = 0
v   = 12
yv   = 0
v   = 0x
anti−solitons
µ
i
1−1
−i
solitons
Fig. 1. Soliton velocities in the µ plane
4.3 Co-moving coordinates
Since one-soliton configurations are lumps moving with constant velocity, I
can pass to their rest frame via a linear coordinate transformation (u, v, x) 7→
(w, w¯, s) given by
w = ν
[
µ¯ u+ 1µ¯ v + x
]
, w¯ = ν¯
[
µu+ 1µ v + x
]
, s = . . . (47)
with ν ∈ C to be chosen later and s not needed. The transformation degener-
ates for µ ∈ R ↔ →v 2= 1, as is seen in the map for the partials,
∂w =
1
ν
µµ¯
(µ−µ¯)2
[
1
µ ∂u + µ∂v − 2 ∂x
]
, ∂u = νµ¯ ∂w + ν¯µ ∂w¯ − 2iµµ¯µ−µ¯ ∂s ,
∂w¯ =
1
ν¯
µµ¯
(µ−µ¯)2
[
1
µ¯ ∂u + µ¯ ∂v − 2 ∂x
]
, ∂v =
ν
µ¯ ∂w +
ν¯
µ ∂w¯ − 2iµ−µ¯ ∂s ,
∂s =
−i
µ−µ¯
[
∂u + µµ¯ ∂v − (µ+µ¯) ∂x
]
, ∂x = ν ∂w + ν¯ ∂w¯ − i(µ+µ¯)µ−µ¯ ∂s .
(48)
In the co-moving coordinates, the BPS conditions (45) reduce to
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(1−P ) ∂w¯ P = 0 = (1−P ) ∂s P . (49)
The static case is recovered at
vx = vy = 0 ⇐⇒ µ = −i =⇒ w = ν (x+ iy) , s = t . (50)
The spacetime picture is visualized in figure 2.
−
>
v
x
y
s
x’
y’
w
s 
o
 l 
i t
 o
 n
t
z
Fig. 2. Spacetime picture of co-moving coordinates
4.4 Time-space versus space-space deformation
Now I set out to Moyal-deform the Ward model. In contrast to the static
sigma model, two distinct possibilities appear, namely space-space or time-
space noncommutativity:3
[x , y]⋆ = iθ =⇒ [w, w¯]⋆ ∝ 2θ νν¯
√
1− →v 2 ,
[t ,
→
n · →r ]⋆ = iθ =⇒ [w, w¯]⋆ ∝ 2θ νν¯ | →n × →v | ,
(51)
where
→
r= (x, y) and
→
n= (nx, ny) = const in the xy plane. It is apparent
that the time-space deformation becomes singular when
→
v ‖→n , including the
static case
→
v= 0 ! Hence, soliton motion purely in the deformed direction
yields commutative rest-frame coordinates. In all other cases, (w, w¯) decribes
a standard Moyal plane, and each rest-frame-static BPS projector,
∂s P = 0 and (1−P ) ∂w¯ P = 0 , (52)
gives a soliton solution. In the rest frame, the original type of deformation is
no longer relevant.
3 I do not discuss light-like deformations here.
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4.5 U⋆(1) Ward solitons
The Moyal-Weyl map associates to the co-moving coordinate w an annihila-
tion operator c via
w ↔
√
2θ c . (53)
Now I adjust the free parameter ν such that
[w, w¯]⋆ = 2θ ⇐⇒ [ c , c†] = 1 . (54)
The BPS condition (49) becomes
(1−P ) c P = 0 for projectors P (w, w¯) = |T 〉 〈T |T 〉−1〈T | , (55)
and it is solved in the abelian case by
|T 〉 = (|T1〉, |T2〉, . . . , |Tr〉) with |Ti〉 = eαic†−α¯ic |v〉 , (56)
where |v〉 is the ‘co-moving vacuum’ defined by
c |v〉 = 0 . (57)
One finds that the soliton velocity and energy are θ independent, hence the
commutative relations (46) still apply. Like in the static case, the U⋆(1) soli-
tons have no commutative limit. A change of velocity,
→
v→→v ′, is effected by
an ISU(1,1) squeezing transformation
c = S(t) c ′ S(t)† and |v〉 = S(t) |v′〉 , (58)
and so all co-moving vacua |v〉 are obtained from |0〉 in this fashion. For the
simplest case, a moving rank-one soliton, one gets
Φ = eαc
†−α¯c (
1− (1−µµ¯ )|v〉〈v|
)
eα¯c−αc
†
↔ φ = 1− (1−µµ¯ ) 2 e−|w−
√
2θα|2/θ .
(59)
Remembering that w = w(z, z¯, t) one encounters a squeezed gaussian roaming
the Moyal plane.
4.6 Ward multi-solitons
Integrability allows me to proceed beyond the one-soliton sector. The dressing
method, for example, allows for the construction of multi-solitons (with rel-
ative motion). More concretely, a U⋆(1) m-soliton configuration is built from
(rows of) states
(|T (k)i 〉)k=1,...,mi=1,...,rk parametrized by
(µ1, . . . , µm) ⇐⇒ (→v1, . . . , →vm) (60)
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and rk×rk matrices Γ (k) in eigenvalue equations
ck |T (k)〉 = |T (k)〉Γ (k) with ck = S(→vk, t) a S(→vk, t)† . (61)
In a basis diagonalizing Γ (k) the solution reads
|T (k)i 〉 = |αki , µk, t〉 := eα
k
i c
†
k
−α¯ki ck |vk〉 with |vk〉 = S(→vk, t) |0〉 (62)
such that ck|vk〉 = 0. The two-soliton with r1 = r2 = 1 provides the simplest
example:
Φ = 1 − 11−µ|σ|2
[
µ¯11
µ¯1
|1〉〈1| + µ¯22µ¯2 |2〉〈2| − σµ
µ¯12
µ¯1
|1〉〈2| − σ¯µ µ¯21µ¯2 |2〉〈1|
]
(63)
with the abbreviations
|k〉 ≡ |αk, µk, t〉 , σ ≡ 〈1|2〉 , µij ≡ µi−µ¯j , µ ≡ µ11 µ22µ12 µ21 . (64)
Because of the no-force property familiar to integrable models, the energy is
additive:
E[Φ] = E(µ1) + E(µ2) , (65)
with E(µ) given in (46) and trPi = ri = 1. The two lumps distort each other’s
shape but escape the overlap region as if each one had been alone.
4.7 Ward soliton scattering
It follows that abelian Ward multi-solitons are squeezed gaussian lumps mov-
ing with different but constant velocities
→
vk in the Moyal plane. The large-time
asymptotics of these configurations shows no scattering for pairwise distinct
velocities. However, in coinciding-velocity limits there appear new types of
multi-solitons with novel time dependence. This kind of behavior extends to
the nonabelian case. Moreover, U⋆(n>1) multi-solitons (with zero asymptotic
relative velocity) as well as soliton-antisoliton configurations [LP01b, Wol02]
can be made to scatter at rational angles πq in this manner. In addition,
breather-like ring-shaped bound states are found as well. Unfortunately, for
U⋆(1) only the latter kind of configurations appear in the coinciding-velocity
limits, hence true scattering solutions are absent for abelian solitons.
4.8 U⋆(n) Ward solitons
For completeness, let me briefly illustrate how the generalization to the non-
abelian case works. I restrict myself to a comparison of U⋆(1) with U⋆(2)
static one-solitons. Since the nonabelian BPS projectors have infinite rank, it
is convenient to switch from states |T 〉 to operators T̂ :
U⋆(1) : |T 〉 =: T̂ |H〉 with |H〉 ≡
(|0〉 |1〉 |2〉 . . . ) , (66)
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which implies that T̂ = P here. In contrast,
U⋆(2) : |T 〉 =
(
0 0 . . . 0 |H〉
|0〉 |1〉 . . . |r−1〉 ∅
)
=
(
Sr
Pr
)
|H〉 =: T̂ |H〉 (67)
with ∅ ≡ 0 0 . . . and the standard rank-r projector and shift operator,
Pr =
r−1∑
n=0
|n〉〈n| and Sr =
∞∑
n=r
|n−r〉〈n| , (68)
respectively. The U⋆(2) operator T̂ in (67) can be written as a (slightly sin-
gular) limit of a regular expression:
U(µ) T̂ =
(
ar
µ
)
1√
a†rar+µµ¯
µ→0−→ U(0) T̂ = T̂ =
(
Sr
Pr
)
(69)
with a particular unitary transformation U(µ). This transformation relates
the projectors smoothly as
U(µ)
(
1H 0H
0H Pr
)
U †(µ) =
ar 1a†rar+µµ¯a†r ar µ¯a†rar+µµ¯
µ
a†rar+µµ¯
a†r µµ¯
a†rar+µµ¯
 . (70)
Note that for the construction of P I can drop the square root in (69) as
effecting a basis change in imP and use T̂ =
(
ar
µ
)
. For U⋆(2), the BPS
condition (33) generalizes to(
a 0
0 a
) |T 〉 = |T 〉Γ∞×∞ ⇐⇒ a T̂ = T̂ Γ̂ (71)
for some operator Γ̂ . Choosing Γ̂ = a, the BPS equation reduces to the
holomorphicity condition
[ a , T̂ ] = 0 , (72)
which is indeed obeyed by the solution above. By inspection, the nonabelian
Ward solitons smoothly approach their commutative cousins for θ → 0.
5 Moduli space dynamics
5.1 Manton’s paradigm
A qualitative understanding of soliton scattering can be achieved for small rel-
ative velocity via the adiabatic or moduli-space dynamics invented by Man-
ton [Man82, MS04]. This approach approximates the exact scattering con-
figuration of m rank-one solitons by a time sequence of static m-lump solu-
tions φ̂(z, z¯;α). For the U⋆(1) sigma model the latter are constructed from (35)
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for r = m. Thereby one introduces a time dependence for the moduli α ≡ {αi},
which is determined by extremizing the action on the moduli space Mr ∋ α.
Being a functional of finitely many moduli αi(t), this action describes the mo-
tion of a point particle in Mr, equipped with a metric gij(α) and a magnetic
field Ai(α). Hence, the scattering of r slowly moving rank-one solitons is well
described by a geodesic trajectory in Mr, possibly with magnetic forcing.
Since the U⋆(1) moduli are the spatial locations of the individual quasi-static
lumps, the geodesic inMr may be viewed as trajectories of the various lumps
in the common Moyal plane, modulo permutation symmetry. Manton posits
that
φ̂(t, z, z¯) ≈ φ̂(z, z¯;α(t)) =: φα , (73)
thus replacing dynamics for φ̂(t, z, z¯) with dynamics for α(t). Quite generally,
starting from an action of the type
S[φ] =
∫
dt d2z
[
1
2 φ˙
2 + C⋆(φ, φ
′) φ˙ −W⋆(φ, φ′)
]
with φ′ ≡ (∂zφ, ∂z¯φ) ,
(74)
I am instructed to compute
Smod[α] := S[φα]
=
∫
dt
[
1
2{∫(∂αφα)2} α˙2 + {∫ C⋆(φα, φ′α) ∂αφα} α˙ − ∫W⋆(φα, φ′α)
]
=:
∫
dt
[
1
2gαα(α) α˙
2 + Aα(α) α˙ − U(α)
]
(75)
and read off the metric g, magnetic field F = dA and potential U on the
moduli space.
5.2 Ward model metric
The Ward equation (41) follows from the action [IZ98b]
S[φ] = 12
∫
dt dxdy trU(n)
[
φ˙†φ˙−∂xφ†∂xφ−∂yφ†∂yφ
]
+ WZW term , (76)
both for commutative and noncommutative unitary fields. Let me impose the
space-space Moyal deformation, choose the abelian case (n=1), pass to the
operator formulation, insert the static solution
Φ̂ = 1 − 2P ({αℓ}) with trP = r (77)
into S[Φ] and integrate over the Moyal plane, i.e. perform the trace over H.
Then, the gradient term in (76) contributes with − ∫ dt E[φα] = −8πr ∫ dt 1
to Smod and can be dropped. More importantly, the WZW term yields
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Aα = ∂αΩ =⇒ F = 0 , (78)
hence it too can be ignored and fails to produce a magnetic forcing (see
also [DM05])! It remains to find the metric gαiαj ({αℓ}) on the moduli space
Mr = Cr/Sr = Ccenter-of-mass×Mrel with Mrel ≃ Cr−1 , (79)
which is the configuration space of r identical bosons on the Moyal plane. The
result is
Smod = 4πθ
∫
dt trHP˙ 2 = 8πθ
∫
dt trimP
(〈T |T 〉−1 〈T˙ |1−P |T˙ 〉) (80)
with |T 〉 = (|α1〉, |α2〉, . . . , |αr〉) and
|T˙ 〉 ≡ ∂t|T 〉 = a†|T 〉 Γ˙ − 12 |T 〉 (Γ †Γ )˙ where Γ = diag({αℓ}) . (81)
It is not hard to see that the metric hiding in (80) is Ka¨hler, with the Ka¨hler
potential K given by
1
8πθ K =
∑
i
|αi|2 + tr ln
(〈αi|αj〉) = tr ln(eα¯iαj) , (82)
which makes the permutation symmetry manifest. This Ka¨hler structure is
the natural one, induced from the embedding Grassmannian Gr(r,H), enjoys
a cluster decomposition property and allows for easy separation of the free
center-of-mass motion. In the coinciding limits αi → αj , coordinate singu-
larities appear which, however, may be removed by a gauge transformation
of K or, equivalently, by passing to permutation invariant coordinates (see
also [LRU00, HLRU01, GHS03]).
5.3 Adiabatic two-soliton scattering
Let me be explicit for the simplest case ofm = r = 2. The moduli spaceM2 of
rank-two BPS projectors is parametrized by {α, β} ≃ {β, α} ∈ C2/S2, hence
Mrel ≃ C but curved. The static two-lump configuration derived from (36)
reads
Φ = 1 − 2
1− |σ|2
(|α〉〈α|+|β〉〈β|−σ|α〉〈β|−σ¯|β〉〈α|) with σ = 〈α|β〉 ,
(83)
and the corresponding Ka¨hler potential becomes [LRU00]
1
8πθK = |α|2 + |β|2 + ln(1−|σ|2) = 12 |α+β|2 + 12 |α−β|2 + ln
(
1− e−|α−β|2)
(84)
with center-of-mass separation. Introducing the lump distance via α−β = r eiϕ
and putting α+β = 0, the relative Ka¨hler potential has the limits
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1
8πθKrel =
1
2r
2−e−r2+O(e−2r2) and 18πθKrel = ln r2+ 124r4+O(r8) ,
(85)
revealing asymptotic flat space for r → ∞ but a conical singularity with an
opening angle of 4π at r = 0. The ensueing metric takes the conformally flat
form
ds2 = 4πθ grr(r)
(
dr2 + r2dϕ2
)
(86)
with the conformal factor
grr(r) =
1− e−2r2 − 2r2e−r2
(1− e−r2)2 =
sinh r2 − r2
cosh r2 − 1 ≈
r2
3
− r
6
90
+O(r10) (87)
displayed in figure 3.
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Fig. 3. Conformal factor of two-soliton metric
In terms of the symmetric coordinate
ρ eiγ = σ := (α−β)2 = r2 e2iϕ (88)
the metric desingularizes,
ds2 = 4πθ
grr(
√
ρ)
4ρ
(
dρ2+ρ2dγ2
)
= 4πθ
(
1
12− ρ
2
360+O(ρ
4)
)(
dρ2+ρ2dγ2
)
(89)
which is smooth at the origin. Head-on scattering of two lumps corresponds
to a single radial trajectory in Mrel, which in the smooth coordinate σ must
pass straight through the origin. In the ‘doubled coordinate’ α−β, I then see
two straight trajectories with 90◦ scattering off the singularity in the Moyal
plane. Increasing the impact factor, the scattering angle decreases from π2 to 0.
Moreover, due to the absence of potential and magnetic field, the scattering
angle depends only on the impact parameter and not separately on kinietc
energy and angular momentum. A comparison of this moduli-space motion
with exact two-soliton dynamics has recently been performed in [KLP06].
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6 Stability analysis
6.1 Fluctuation Hessian
So far I have investigated the soliton dynamics purely on the classical level. As
a first step towards quantization, let me now turn to fluctuations around the
classical solutions. More concretely, I shall consider perturbations of the 2d
static noncommutative sigma-model solitons encountered earlier. This task
has two applications: First, it is relevant for the semiclassical evaluation of
the Euclidean path integral, revealing potential quantum instabilities of the
two-dimensional model. Second, it yields the (infinitesimal) time evolution
of fluctuations around the static multi-soliton in the time-extended three-
dimensional theory, indicating classical instabilities if they are present. More
concretely, any static perturbation of a classical configuration can be taken
as (part of the) Cauchy data for a classical time evolution, and any negative
eigenvalue of the quadratic fluctuation operator will give rise to an exponential
runaway behavior, at least within the linear response regime. Furthermore,
fluctuation zero modes are expected to belong to moduli perturbations of
the classical configuration under consideration. The current knowledge on the
effect of quantum fluctuations is summarized in [Zak89]. For a linear stability
analysis, I must study the U⋆(n) energy functional (18) for a perturbation φ
of a background Φ,
E[Φ+φ] = E[Φ] + δE[Φ, φ] + δ2E[Φ, φ] + . . . , (90)
where the φ-linear term δE vanishes for classical backgrounds, and
δ2E[Φ, φ] = 2π tr
{
φ†∆φ− φ† (Φ∆Φ†) φ} =: 2π tr{φ†H φ} (91)
defines the Hessian operator H [Φ] which acts in the space of fluctuations φ.
For a given static soliton Φ, the goal is to determine the spectrum of H , at
least the negative part and the zero modes. To this end, a decomposition
of {φ} into H-invariant subspaces is essential. A natural segmentation is
φ =
(
φimP φGrP
φGrP φkerP
)
on H = imP ⊕ kerP . (92)
Here φGrP is hermitian and keeps me inside the Grassmannian of Φ, while
φimP and φkerP are anti-hermitian and lead away from the Grassmannian.
Even though this structure is not H-invariant, it decomposes the energy,
δ2E[Φ, φ] = δ2E[Φ, φimP+φkerP ] + δ
2E[Φ, φGrP ] . (93)
Without further assumptions about Φ it is difficult to identify H-invariant
subspaces. Let me adopt the basis (16) in H. Then, for backgrounds diagonal
in this basis, an H-invariant decomposition is
φ =
∞∑
k=0
φ(k) , (94)
where φ(k) denotes the kth diagonal plus its transpose.
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6.2 Diagonal U⋆(1) soliton: fluctuation spectrum
Once more I specialize to the abelian sigma model, where each static soliton is
essentially a coherent-state projector (36) labelled by r complex numbers αi.
Although all these backgrounds (for fixed r) are degenerate in energy, their
fluctuation spectra differ unless related by ISO(2) rigid motion in the Moyal
plane. Presently, the fluctuation analysis is technically feasible only for the
special backgrounds where all αi coalesce. Translating the common value to
the origin, this amounts to the diagonal abelian background
Φr = 1 − 2
r−1∑
n=0
|n〉〈n| = diag(−1,−1, . . . ,−1︸ ︷︷ ︸
r times
,+1,+1, . . . ) . (95)
In this case, the decomposition (94) applies and yields three qualitatively
different types of fluctuation subspaces carrying the following characteristic
spectra of H :
k > r

spec(H
(k)
GrP ) = {0 < λ1 < · · · < λr}
spec(H
(k)
imP ) = ∅
spec(H
(k)
kerP ) = R+
 ‘very off-diagonal’
1 ≤ k ≤ r

spec(H
(k)
GrP ) = {0 = λ1 < λ2 < · · · < λk}
spec(H
(k)
imP ) = {0 = λk+1 < λk+2 < · · · < λr}
spec(H
(k)
kerP ) = R+

‘slightly
off-diagonal’
k = 0
 spec(H
(0)
GrP ) = ∅
spec(H
(0)
imP+kerP ) = R≥0 ∪ {λ− < 0}
 ‘diagonal’
(96)
These findings are visualized for r=4 in figure 4, with the following legend:
double line =̂ negative eigenvalue −→ single instability
solid segment =̂ zero eigenvalue −→ (2r−1)C moduli
dashed line =̂ admissible zero mode −→ phase modulus
Figures 5 and 6 show a numerical spectrum of the H(k) with cut-off size 30,
also for the background Φ4. Here, the legend is:
boxes =̂ Gr(P ) eigenvalues −→ # = min(r, k)
stars =̂ imP eigenvalues (k 6=0) −→ # = max(r−k, 0)
crosses =̂ kerP modes (k 6=0) −→ R+ continuum
circles =̂ diagonal modes (k=0) −→ R≥0 ∪ {λ−}
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Fig. 4. Decomposition of perturbation around Φ4
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Fig. 5. Discrete spectrum of H for Φ4
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Fig. 6. Continuous spectrum of H for Φ4
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6.3 Single negative eigenvalue
The numerical analysis for abelian diagonal backgrounds Φr revealed a sin-
gle negative eigenvalue λ− among the diagonal fluctuations. It is found by
diagonalizing the k=0 part of the Hessian,
(H
(0)
mℓ) =

1 −1
−1 3 −2
−2 5 −3
−3 . . . . . .
. . . 2r−3 −r+1
−r+1 −1 −r
−r +1 −r−1
−r−1 2r+3 .. .
. . .
. . .

, (97)
where I have emphasized in boldface the entries modified by the background.
The result is indeed that
spec(H(0)) = {λ−} ∪ [0,∞) , (98)
where λ− is computed as the unique negative zero of the determinant∣∣∣∣∣Ir−1,r−1(λ)−
1
2r Ir−1,r(λ)
Ir,r−1(λ) Ir,r(λ)− 12r
∣∣∣∣∣ with Ik,l(λ) :=
∫ ∞
0
e−x dx
x− λ Lk(x)Ll(x)
(99)
being variants of the integral logarithm. The r complex zero eigenvalues of
HGrP arise from turning on the location moduli αi of (35), while the r−1 com-
plex zero eigenvalues of HimP point at non-Grassmannian classical solutions.
Since H(0) is not non-negative, δ2E[Φ, φ(0)] may vanish even if H(0)φ(0) 6= 0.
6.4 Instability in unitary sigma model
The fluctuations φGrP are tangent to GrP ≡ Gr(r,H) and cannot lower the
energy, as the BPS argument (31) had assured me from the beginning. There-
fore, all solitons of Grassmannian sigma models are stable. On the other hand,
an unstable mode of H occurred in imP⊕kerP , indicating a possibility to
continuously lower the energy E = 8πr of Φr along a path starting perpen-
dicular to GrP . Indeed, there exists a general argument for any static soliton
Φ = 1−2P inside the unitary sigma model, commutative or noncommutative.
It goes as follows. Given a projector inclusion P˜ ⊂ P (including P˜ = 0), i.e. a
‘smaller’ projector P˜ of rank r˜ < r. Then, the path [Zak89]
Φ(s) = ei s (P−P˜ )(1−2P ) = 1− (1+ei s)P − (1−ei s)P˜ (100)
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connecting Φ(0) = Φ = 1−2P to Φ(π) = Φ˜ = 1−2P˜ (101)
interpolates between static solitons in different Grassmannians inside U(H).
Please note that the tangent vector (∂sΦ)(0) = −i(P−P˜ ) is not an eigenmode
of the Hessian. A quick calculation gives the energy along the path,
1
8πE[Φ(s)] =
r+r˜
2 +
r−r˜
2 cos s = r cos
2 s
2 + r˜ sin
2 s
2 . (102)
For nonabelian noncommutative solitons the argument persists, with the topo-
logical charges Q and Q˜ replacing r and r˜. Therefore, all solitons in unitary
sigma models eventually decay to the ‘vacua’ Q = 0, which belong to the
constant (nonabelian) projectors.
7 d = 1+1 sine-Gordon solitons
7.1 Reduction to d = (1+1)θ: instantons
In the remaining part of this lecture I look at the reduction from 1+2 to 1+1
dimensions, with the goal to generate new noncommutative solitons. However,
naive reduction of the Ward solitons is not possible. Due to shape invariance,
∂s = 0, the one-soliton sector is already two-dimensional (in the rest-frame)
but with Euclidean signature:
∂s = 0 ↔ ∂u+µµ¯ ∂v− (µ+µ¯) ∂x = 0 ↔ ∂x = ν ∂w+ ν¯ ∂w¯ ,
(103)
hence I cannot simply put ∂x = 0 without killing the soliton entirely. Instead,
the x dependence may be eliminated by taking the snapshot φ(x=0, y, t).
Then, ∂s = 0 maps the remaining ty plane to the ww¯ plane as illustrated in
figure 7. Because for vx 6=0 the soliton worldline pierces the xy plane as shown
−
>
v
t
x
s
x’
Fig. 7. Action of reduction ∂s = 0
in figure 8, the x=0 slice of the soliton is just an instanton!
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Fig. 8. x=0 instanton snapshot of soliton
7.2 d = 1+1 sigma model metric
Due to the x-derivatives in the Ward equation (41) the snapshot φ(x=0, y, t)
will not satisfy this equation. Using (103) I find that instead it obeys the
equation
(1−µµ¯ ) ∂w(φ†∂w¯φ)− (1− µ¯µ ) ∂w¯(φ†∂wφ) = 0 , (104)
which is an extended sigma-model equation in 1+1 dimensions due to (w, w¯) ∼
(t, y). Comparison with
(h(ij) + b[ij]) ∂i(φ
†∂jφ) = 0 for i, j ∈ {t, y} (105)
yields the metric htt hty
hyt hyy
 = µµ¯
(µ+µ¯)2
 | 1µ−µ|2 | 1µ |2 − |µ|2
| 1µ |2 − |µ|2 | 1µ+µ|2
 (106)
and the magnetic field(
btt bty
byt byy
)
=
(
0 1
−1 0
)
. (107)
The notation suggests a Minkowski signature, but a short computation says
that
det(hij) =
(
Imµ
Re µ
)2 ≥ 0 , (108)
hence the metric is Euclidean! Indeed, this very fact permits the Fock-space
realization of the Moyal deformation, which follows.
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7.3 Moyal deformation in d = 1+1
In the present case I have no choice but to employ the time-space deformation
[t, y]⋆ = iθ =⇒ [w, w¯]⋆ = 2θ for µ /∈ R or iR . (109)
As before, I realize this algebra via the Moyal-Weyl correspondence
w ↔
√
2θ c such that [ c , c†] = 1 (110)
on the standard Fock space H. In this way, the moving U⋆(1) soliton (59)
becomes a gaussian instanton in the d = 1+1 U⋆(1) sigma model, after re-
expressing w = w(y, t). The only exception occurs for vx = 0 (⇔ µ ∈ iR),
i.e. motion in y direction only, because (51) then implies that [w, w¯]⋆ = 0. In
fact, (47) shows (for x=0) that w¯ ∼ w in this case, the rest frame degenerates
to one dimension and there is no room left for a Heisenberg algebra.
• •
∠
⌢
7.4 Reduction to d = (1+1)θ: solitons
So far, my attempts to construct noncommutative solitons in 1+1 dimen-
sions by reducing such solitons in a d=1+2 model have failed. The lesson to
learn is that the dimensional reduction must occur along a spatial symme-
try direction of the d=1+2 configuration, i.e. along its worldvolume. In other
words, the starting configuration should be spatially extended, or a d=1+2
noncommutative wave! Luckily, such wave solutions exist in the nonabelian
Ward model [Lee89, Bie02]. Let me warm up with the commutative case and
the sigma-model group of U(2). The Ward-model wave solutions Φ(u, v, x)
dimensionally reduce to d=1+1 WZW solitons g(u, v) via
Φ(u, v, x) = E eiαxσ1 g(u, v) e−iαxσ1 E† for g(u, v) ∈ U(2) (111)
and a constant 2×2 matrix E . The Ward equation for Φ descends to
∂v(g
†∂ug) + α2(σ1g†σ1g − g†σ1g σ1) = 0 . (112)
In a second step, I algebraically reduce g from U(2) to being U(1)-valued,
allowing for an angle parametrization,
g = e
i
2
σ3φ . (113)
The algebra of the Pauli matrices then simplifies (112) to
∂v∂uφ+ 4α
2 sinφ = 0 (114)
which is nothing but the familiar sine-Gordon equation!
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7.5 Integrable noncommutative sine-Gordon model
Now I introduce the time-space Moyal deformation
[t, y]⋆ = iθ ⇐⇒ [u, v]⋆ = − i2 θ . (115)
The sine-Gordon kink must move in the y direction, which (we have learned)
forbids a Heisenberg algebra (note the i above). Thus, no Fock-space formu-
lation exists and I must content myself with the star product. Recalling the
dimensional reduction (111) and (112) I must now solve
∂v(g
† ⋆ ∂ug) + α2(σ1g† ⋆ σ1g − g†σ1 ⋆ g σ1) = 0 . (116)
The algebraic reduction U(2) → U(1) turns out to be too restrictive. In the
commutative case, the overall U(1) phase factor e
i
2
1 ρ of g decouples in (112),
so I could have started directly with g ∈ SU(2) instead. In the noncommutative
case, in contrast, this does not happen, and I am forced to begin with U⋆(2).
Thus, I should not prematurely drop the overall phase and algebraically re-
duce g to U⋆(1)×U⋆(1),
g(u, v) = e
i
2
1 ρ(u,v)
⋆ ⋆ e
i
2
σ3 ϕ(u,v)
⋆ . (117)
With this, the 2×2 matrix equation (116) turns into the scalar pair
∂v
(
e
− i
2
ϕ
⋆ ⋆ ∂ue
i
2
ϕ
⋆
)
+ 2iα2 sin⋆ϕ = −∂v
[
e
− i
2
ϕ
⋆ ⋆ R ⋆ e
i
2
ϕ
⋆
]
∂v
(
e
i
2
ϕ
⋆ ⋆ ∂ue
− i
2
ϕ
⋆
) − 2iα2 sin⋆ϕ = −∂v[e i2ϕ⋆ ⋆ R ⋆ e− i2ϕ⋆ ] (118)
with the abbreviation
R = e
− i
2
ρ
⋆ ⋆ ∂ue
i
2
ρ
⋆ (119)
carrying the second angle ρ. For me, (118) are the noncommutative sine-
Gordon (NCSG) equations. As a check, take the limit θ → 0, which indeed
yields
∂v ∂u ρ = 0 and ∂v ∂u ϕ + 4α
2 sinϕ = 0 . (120)
7.6 Noncommutative sine-Gordon kinks
As an application I’d like to construct the deformed multi-kink solutions to the
NCSG equations (118), e.g. via the associated linear system. First, consider
the one-kink configuration, which obtains from the wave solution of the U⋆(2)
Ward model by choosing
x = 0 as well as µ = i p ∈ iR =⇒ ν = 1 . (121)
Consequently, the co-moving coordinate becomes
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w = µ¯u+ 1µ¯v = −i (p u+ 1pv) = −i y−vt√1−v2 =: −i η . (122)
The BPS solution of the reduced Ward equation (116) is
g = σ3(1−2P ) with projector P = T ⋆ 1T †⋆T ⋆ T † , (123)
where the 2×1 matrix function T (η) is subject to
(∂η + ασ3)T (η) = 0 . (124)
Modulo adjusting the integration constant and (irrelevant) scaling factor, the
general solution reads
T =
(
e−αη
i eαη
)
=⇒ P = 1
2 cosh 2αη
(
e−2αη −i
i e+2αη
)
,
g =
(
tanh 2αη icosh 2αη
i
cosh 2αη tanh 2αη
)
!
= E
(
e
i
2
ρ
⋆ ⋆ e
i
2
ϕ
⋆ 0
0 e
i
2
ρ
⋆ ⋆ e
− i
2
ϕ
⋆
)
E† .
(125)
7.7 One-kink configuration
Since the expressions above depend on u and v only in the rest-frame combi-
nation η, it is clear that the deformation becomes irrelevant here, and the one-
kink sector is commutative, effectively θ = 0 and ρ = 0. With E = 1√
2
(
1 −1
1 1
)
the latest equation is solved by
cos ϕ2 = tanh 2αη and sin
ϕ
2 =
1
cosh 2αη =⇒ tan ϕ4 = e−2αη
(126)
which is precisely the standard sine-Gordon kink with velocity v = 1−p
2
1+p2 . With
hindsight this was to be expected, since a one-soliton configuration in 1+1
dimensions depends on a single (real) co-moving coordinate. The deformation
should reappear, however, in multi-soliton solutions. For instance, breather
and two-soliton configurations seem to get deformed since pairs of rest-frame
coordinates are subject to
[ηi , ηk]⋆ = −i θ (vi−vk)
/√
(1−v2i )(1−v2k) . (127)
7.8 Tree-level scattering of elementary quanta
Finally, it is of interest to investigate the quantum structure of noncommuta-
tive integrable theories, i.e. take into account the field excitations above the
classical configurations. In my noncommutative sine-Gordon model (118) the
elementary quanta are ϕ and ρ, and the Feynman rules for their scattering do
get Moyal deformed. For illustrative purposes I concentrate on the ϕϕ→ ϕϕ
scattering amplitude in the vacuum sector. The kinematics of this process is
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k1 = (E, p) , k2 = (E,−p) , k3 = (−E, p) , k4 = (−E,−p) , (128)
subject to the mass-shell condition E2 − p2 = 4α2. The action (which I did
not present here) is non-polynomial; it contains
〈ϕϕρ〉 , 〈ρρρ〉 , 〈ϕϕϕϕ〉 , 〈ϕϕρρ〉 , 〈ρρρρ〉 (129)
as elementary three- and four-point interaction vertices. Denoting ϕ propaga-
tors by solid lines and ρ propagators by dashed ones, there are the following
four contributions to the ϕϕ→ ϕϕ amplitude at tree level:
2
4
1
3
= 2iα2 cos2(θEp)
1 2
34
= − i2p2 sin2(θEp)
1 2
43
= i2E
2 sin2(θEp)
1 2
4 3
= 0 .
Taken together this means that
Aϕϕ→ϕϕ = 2iα2 (130)
is causal. I can show that all other 2→ 2 tree amplitudes vanish. Hence, any
θ dependence seems to cancel in the tree-level S-matrix! Furthermore, it can
be established that there is no tree-level particle production in this model,
just like in the commutative case. Although at tree-level I still probe only
the classical structure of the theory, the absence of a deformation until this
point is conspicuous: Could it be that the time-space noncommutativity in
the sine-Gordon system is a fake, to be undone by a field redefinition? With
this provoking question I close the lecture.
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